In this paper we investigate the arithmetic aspects of the theory of E † K -valued rigid cohomology introduced and studied in [11, 12] . In particular we show that these cohomology groups have compatible connections and Frobenius structures, and therefore are naturally (ϕ,∇)-modules over E † K whenever they are finite dimensional. We also introduce a category of 'absolute' coefficients for the theory; the same results are true for cohomology groups with coefficients. We moreover prove a p-adic version of the weight monodromy conjecture for smooth (not necessarily proper) curves, and use a construction of Marmora to prove a version of ℓ-independence for smooth curves over k ((t)) that includes the case ℓ = p. This states that after tensoring with R K , our p-adic cohomology groups agree with the ℓ-adic Galois representations H i ét (X k((t)) sep ,Q ℓ ) for ℓ = p.
Introduction 1 Introduction
This is the final paper in the series [11, 12] concerning a new p-adic cohomology theory for varieties over Laurent series fields in positive characteristic. A general overview of the whole series is given in the introduction to [11] , so here we will summarise the results of the previous papers and give a detailed introduction to the results contained here.
cohomology H R K over the Robba ring R K . The point is that for any variety X /k((t)) to which we can apply the above theorem, in particular for smooth curves, we can attach p-adic Weil-Deligne representations to their cohomology groups by first base changing to R K and then using Marmora's functor WD : MΦ
from (ϕ,∇)-modules over R K to Weil-Deligne representations with values in the maximal unramified extension of K. This will be our main tool in the study of the arithmetic properties of p-adic cohomology of such varieties, and the two main questions we are interested in are the p-adic weight-monodromy conjecture and ℓ-independence. Specifically, the main results we prove concerning smooth curves are the following. Although we only know base change for smooth curves, we can actually prove cases of ℓ-independence and the weight-monodromy conjecture for any smooth and proper variety over k((t)) using Kedlaya's overconvergence theorem for the cohomology of such varieties (Theorem 7.0.1 of [7] ). We can also prove a p-adic criterion for good/semistable reduction of abelian varieties analogous to the Néron-Ogg-Shafarevich criterion. These results are actually little more than a rephrasing of those from [5] on p-divisible groups of abelian varieties in terms of (ϕ,∇)-modules over R K , using theorems of Kedlaya and de Jong comparing p-divisible groups and Dieudonné modules to be able to reinterpret Grothendieck's results in the expected manner. The main results for smooth and proper varieties are almost certainly known to the experts and do not in fact use our construction of H i rig (X /E † K ) in any way. However, there are several reasons for including them here, and in particular including them as an application of the theory of E † K -valued rigid cohomology. Firstly, the precise description of the weight and monodromy filtrations on H i rig (X /R K ) in the smooth and proper case, and the cohomological criterion for good or semistable reduction of abelian varieties that we present are far more transparently analogous to the corresponding statements in the ℓ-adic case than those given in [5] , even though the results in loc. cit. provide the majority of the actual content of our own. Secondly, the fact that we have a cohomology theory for singular or open varieties, not just smooth and proper ones, allows us to easily deduce versions of weight-monodromy and ℓ-independence for open curves (as stated above) from those from complete curves. We expect that once we know base change in general, versions of these results for singular or open varieties can be deduced (although not in a completely straightforward manner) from the corresponding ones for smooth and proper varieties. Finally, and perhaps most importantly, a full treatment of these questions will necessarily involve a p-adic vanishing cycles formalism, and the construction of a p-adic weight spectral sequence. Perhaps the most natural (or at least the most obvious to us) way of obtaining such a formalism will be via a suitably robust theory of arithmetic D-modules on varieties over k((t)) and/or k t , and our construction of H i rig (X /E † K ) is perhaps the framework for p-adic cohomology which most easily leads into the constriction of such a theory. We hope to be able to explore this in greater depth in future work.
(X /R K )) is 'quasi-pure' of weight n, that is the kth graded piece of the monodromy filtration is pure of weight n + k. Moreover, if X is proper (i.e. D = ) then the only non-zero graded piece is

Absolute coefficients and the Gauss-Manin connection
The set up and notation will be almost exactly as in [11, 12] . We will denote by k a field of characteristic p > 0, K a complete, discretely valued field of characteristic 0 with residue field k and ring of integers V , π a uniformiser for K and k((t)) the ring of Laurent series over k. However, since we will want to make use of the simple characterisation of Ω 1 k t below, we will assume further that k has a finite p-basis. We will denote by E † K the bounded Robba ring over K, R K the Robba ring and E K the Amice ring (for definitions of these see loc. cit.). We will fix compatible Frobenii σ on the rings
to classical rigid cohomology was an isomorphism (actually, this result also holds with coefficients). This therefore gives us a satisfactory geometric theory, in that H . The origin of the ∇-structure, while no less mysterious, is somewhat more involved, and is the subject of the rest of this section. The basic point is to equip our isocrystals with connections relative to K, rather than to S K , and the connection on their cohomology with then simply be the Gauss-Manin connection. To implement this strategy, however, we must first discuss differential calculus relative to K on rigid varieties over S K .
Differential calculus on rigid varieties over S K
In this section, we develop the rudiments of differential calculus on rigid varieties over S K , with differential structure relative to K. This will then be used to construct categories of isocrystals with naturally occurring Gauss-Manin connections on their cohomology. The starting point is the following crucial result due to de Jong. 
is an isomorphism of k t -modules. If A 0 is a finitely generated k t -algebra then there is an exact sequences of A 0 -modules Proof. The first claim follows from Lemma 1.3.3 of [1] , and the second then simply follows from the exact sequence
n+1 . For a topologically finitely generated V t -algebra A, with re-
be the module of π-adically continuous differentials. By the previous lemma, this is a finitely generated projective A-module, and there is an exact sequence
is the module of π-adically continuous differentials on A/V t . Moreover, if A is formally smooth over V t , then this sequence is exact on the left as well. This globalises, and hence for any formal scheme X over V t there is an exact sequence
which is exact on the left when X is smooth over V t . To take this further, we will need to compare modules of differentials and smoothness of a formal scheme over V t to that of its generic fibre X K . The latter is constructed by Huber in [6] , for separated morphisms f : X → Y locally of finite type, and by definition is it ∆ * (I ) = I /I 2 where 
which respects the derivations of O X into both.
Proof. This just follows from the explicit construction of both modules, i.e. §1.6.2 of [6] and Corollary I.5.1.13 of [4] .
We would like to extend this to define the module of differentials Ω Proof. The question is local on X, which we may therefore assume to be affine, X ∼ = Spf (A). LetÎ = ker(A ⊗ V A → A), note that there is a natural continuous derivation d : A →Î/Î 2 , and hence we get a linear map
Since Ω
, it suffices to prove that I/I 2 is p-adically separated and complete, and that we can identify I/I 2 ⊗ V V n with I n /I 2 n , where I n is the kernel of A n ⊗ V n A n → A n . To see this, first note that the exact sequence
together with V -flatness of A implies that I ⊗ V V n ∼ = I n , and hence that I ∼ = lim ← − −n I n . It then follows easily thatÎ
with exact rows, this implies that
n . Hence by reducing the exact sequence
, using V -flatness of A, and taking the limit as n → ∞ gives the required result.
Hence we define, for any rigid variety X over S K , the module of differentials
where I ⊂ O X × K X is the ideal of the diagonal. By the previous lemma, whenever X is the generic fibre of some V -flat formal scheme X of finite type over V t we have
compatibly with the natural derivations
and hence in particular we get the following. 
which is moreover exact on the left whenever X is smooth over D 
Since det
and hence the claim is clear.
We now fix a rigid variety X , smooth over D b K
. As usual, we set X (n) to be the nthorder infinitesimal neighbourhood of X inside X × K X , that is the closed subscheme of X × K X defined by the ideal I n+1 according to II.7.3.5 of [4] , and p
Definition 1.7. Let X be as above.
i) An integrable connection on an O X -module E , relative to K, is a homomorphism of sheaves
for all f ∈ O X and e ∈ E , and such that the induced map
The proof of the following result is then exactly the same as in the classical case.
Proposition 1.8. There is a natural equivalence of categories between O X -modules with stratification relative to K and O X -modules with integrable connection relative to K.
Overconvergent isocrystals and connections
Now that the theory of connections and stratifications relative to K is in place, we can proceed to construct the category Isoc † (X /K) associated to a k((t))-variety X in entirely the same manner as in §5 of [11] . We begin with the following, somewhat ad-hoc definition. Definition 1.9. We say that a p-adic formal scheme X over V is of pseudo finite type if there exists a V -morphism
of p-adic formal schemes which is of finite type. We say that rigid space X over K is locally of pseudo finite type if there exists a K-morphism
of rigid spaces over K which is locally of finite type. Morphisms are morphisms over V and K respectively, note that the generic fibre of a formal scheme of pseudo finite type over V is locally of pseudo finite type over K, and that both categories are closed under taking fibre products in the larger categories of p-adic formal schemes over V and rigid spaces over K respectively.
Definition 1.10. The category of k((t))-frames over V consists of triples (X ,Y ,P) consisting of an open immersion X → Y of a k((t))-variety into a k t -scheme, and a closed
immersion Y → P of Y into a formal V -scheme which is of pseudo finite type. We say that (X ,Y ,P) is proper if Y is proper over k t and smooth if P is formally smooth over V in a neighbourhood of X . Morphisms of frames are morphisms over (k((t)), k t ,V ), therefore the category of k((t))-frames over V contains the category of V t -frames ( [11] , Definition 2.1) as a non-full subcategory.
If (X ,Y ,P) is a k((t))-frame over V , then we have the specialisation map
and can define the tubes ]X [ P and ]Y [ P exactly as in §2 of [11] , together with the
We can therefore make the following definitions.
commuting with the given morphisms to X . The category of such objects is denoted Isoc † (X /K).
commutes. The category of such objects is denoted Isoc † ((X ,Y ,P)/K).
Then exactly the same argument as in §5 of [11] shows that if (X ,Y ,P) is a smooth and proper V t -frame, i.e. P is smooth over V t around X , then the forgetful functor
is an equivalence of categories. Again, if (X ,Y ,P) is a smooth frame over V t , we will let
denote the natural projections. This clashes with the notation used in loc. cit., this should hopefully not cause too much confusion. Definition 1.12. Let (X ,Y ,P) be a smooth frame over V t .
Again, exactly as in [11] , we have a series of functors
Proof. Faithfulness is clear, since both categories embed faithfully in the category of
We are therefore given a morphism
O P K -modules with overconvergent stratification, which commutes with the level n Taylor isomorphisms
for all n, and we must show that it commutes with the overconvergent Taylor isomorphisms
As in the proof of Proposition 7.2.8 of [13] , it therefore suffices to show that the map
is injective. By choosing a presentation of E 1 , it thus suffices to show that the natural map
of sheaves is injective. This question is local on P, which we may therefore assume to be affine, and by restricting to the interior tube ]X [
• P as in the proof of Proposition 5.7 of [11] we may in fact assume that P is a formal scheme over O E K and that Y = X . Again, using the fact that the question is local on P K it suffices to prove the injection on global sections. We may also choose co-ordinates 
The functions χ 1 ,... ,χ d induce a morphism
which is étale in a neighbourhood of X , and hence by the analogue of Proposition 4.1 of [11] over V t ⊗ V V t (whose proof is identical), we may replace P × V P by
Now, in this case the tubes ]X [ are actually rigid varieties, and it is not hard to see that their formation commutes with fibre products, and hence we may make the identifica
Since 
By inducting on the number of generators of M, we may reduce to the case when M is a quotient of A, and by replacing A m by the affinoid algebra M ⊗ A A m it suffices to prove that the map
is injective for any topologically finite type E K -algebra B. Here the map is the obvious one on B〈r 1/m χ 1 ,... , r 1/m χ d 〉 and on O m is induced by the map
(in other words τ = 1 ⊗ t − t ⊗ 1). Hence it suffices to prove that the map
is injective. But now by using adic flatness of B over E K , and writing everything out explicitly, it suffices to show that
is injective, which follows from a direct calculation.
Hence we may define the full subcategory
as the essential image of Strat † ((X ,Y ,P)/K), and we get an equivalence
Proof. Follows from Corollary 1.6.
The point of this is that if (X ,Y ,P) is a smooth V t -frame, and E is a j † X O ]Y [ -module E with integrable connection relative to K, the we obtain a Gauss-Manin connection
on its de Rham cohomology (over S K ) in the usual way as follows. Define a filtration F
Thus the spectral sequence associated to this filtration has E 1 -page with differentials
which defines the Gauss-Manin connection on each
It is easy to see that if u : (X ′ ,Y ′ ,P ′ ) → (X ,Y ,P) is a morphism of smooth and proper V t -frames, and E ∈ MIC((X ,Y ,P)/K) then the natural morphism
is horizontal, which implies firstly that the connection does not depend on the choice of frame (X ,Y ,P) but only on X , and secondly that the functoriality morphisms in rigid cohomology
associated to a pair of morphisms f : X ′ → X and f * E → E ′ are in fact horizontal. To extend this construction to compactly supported cohomology is entirely straightforward, to explain how this is done we fix a smooth and proper V t -frame (X ,Y ,P) and E ∈ MIC((X ,Y ,P)/K). Then exactly as in 5. , and hence we can consider
) as an object in the filtered derived category of sheaves on V . Exactly as in the case for cohomology without supports, looking at the differentials on the E 1 -page of the associated spectral sequence calculating
which define the connection on cohomology groups with compact support. Again, one easily verifies that these only depend on X and not on the choice of frame, and that the functoriality morphisms associated to either proper maps or open immersions are horizontal. It is also straightforward to check that the Poincaré pairing
constructed in §3 of [12] is compatible with the connections. Since the Frobenius action on both
) is simply that induced by functoriality, it follows from functoriality of the Gauss-Manin connection that the connection and Frobenius structures are compatible, in the sense that the diagram
commutes.
, and if E extends to an overconvergent F-
is also a (ϕ,∇)-module. In the latter case the Poincaré pairing
is a perfect pairing of (ϕ,∇)-modules.
Weight monodromy and ℓ-independence
As mentioned in the introduction, we expect that the cohomology theory H * rig (X /E † K ) should be more intimately connected with the arithmetic properties of X than the usual rigid cohomology H * rig (X /E K ). In particular, it is using H * rig (X /E † K ) that we can formulate p-adic analogues of well-known conjectures and results concerning the ℓ-adic cohomology of varieties over local fields. In this section we give some examples of the ways in which we expect to see the arithmetic properties of X reflected in its cohomology H * rig (X /E † K ). In some sense these are really toy examples, and in fact don't use the full information contained in H * rig (X /E † K ), but only that which is preserved by base changing to R K . Definition 2.1. For any smooth curve X /k((t)) and any E ∈ F-Isoc † (X /K) we define
by the results of previous sections, this is a free (ϕ,∇)-module over R K . We also define
In fact, a lot of our results do not depend on our construction of H i rig (X /E † K ), since as mentioned in the introduction to, Kedlaya in his thesis proved that when X is smooth and proper over k((t)), and
. This actually suffices to prove both ℓ-independence and the weight monodromy conjecture in cohomological dimension ≤ 1, at least for smooth and proper varieties. It is the general formalism of E † K -valued rigid cohomology, however, that allows us to then easily deduce results about open curves from the statements in the smooth and proper case. Also, again as mentioned in the introduction, we expect that once a suitably robust formalism of E † K -valued cohomology has been developed, it will provide the natural setting for the construction of a p-adic weight spectral sequence 'explaining' the weight filtration on the cohomology of smooth and proper varieties with semistable reduction.
For the rest of this section, we will assume that k is a finite field, and contrary to the assumptions of the rest of the paper, Frobenius σ will be assumed to be the p-power Frobenius. We will let q denote the cardinality of k. We will assume that V = W = W(k) is the ring of Witt vectors of k, we therefore have K = W [1/p] . We will also let R + K denote the plus part of the Robba ring, that is the ring of convergent functions on the open unit disc over K.
Weil-Deligne representations and Marmora's construction
One of the indications that H
) is a good version of p-adic cohomology to look at over k((t)) is the fact that by base changing to R K as just described, we can attach Weil-Deligne representations to the cohomology of varieties X /k((t)). This is done using Marmora's construction in [14] of the Weil-Deligne representation attached to a (ϕ,∇)-module over R K , which we now recall.
Let us denote by G k((t)) and G k the absolute Galois groups of k((t)) and k respectively, we therefore have an exact sequence
where I k((t)) is the inertia group. Define the Weil group W k((t)) to be the inverse image of 〈Frob k 〉 ∼ = Z ⊂ G k ∼ = Z, topologised so that I K is open. Here Frob k refers to arithmetic Frobenius, and we define the map v :
we denote by V (1) the representation on the same space but with the action of any σ ∈ W k((t)) multiplied by q v(σ) .
Definition 2.2. Let E be a field of characteristic zero. An E-valued Weil-Deligne representation over k((t)) is a continuous representation of the Weil group W k((t)) in a finite dimensional, discrete E-vector space, together with a G k((t)) -equivariant, nilpotent monodromy operator
N : V (1) → V .
The category of E-valued Weil-Deligne representations is denoted Rep E (WD k((t)) ). Note that since I k((t))
is a profinite group, it follows that it must act via a finite quotient on any Weil-Deligne representation.
If (V , N) is some Weil-Deligne representation over k((t)), then there is a unique
W k((t)) -invariant filtration M • V on V , called the monodromy filtration, such that: i) N(M i V (1)) ⊂ M i−2 V ; ii) N induces an isomorphism N k : Gr M k V (k) ∼ → Gr M −k V .
Definition 2.3. Let V be a Weil-Deligne representation over k((t)).
i) We say that V is pure of weight i if the eigenvalues of any lift to W k((t)) of Frob k are Weil numbers of weight −i, i.e. are algebraic numbers all of whose complex embeddings have absolute value q −i/2 .
ii) We say that V is quasi-pure of weight i if for all k the kth graded piece Gr i) Since I k((t)) acts on V by a finite quotient, the condition of being pure or quasi-pure can be checked on a single lift of arithmetic Frobenius.
ii) What we have termed 'quasi-pure of weight i' has been called by Scholl (unpublished) 'pure of weight i', since it is conjecturally expected that the 'geometric' weight filtration on the cohomology of varieties has graded pieces which are quasipure, rather than pure. We do not follow this terminology, since we want a way to distinguish pure and quasi-pure Weil-Deligne representations.
Marmora's construction takes a (ϕ,∇)-module over R K , and associates to it a WeilDeligne representation with coefficients in K un , the maximal unramified extension of K, as follows.
Recall t)) acts naturally on B 0 , and hence on B by letting it act trivially on log t, and there is a natural extension to B of the Frobenius σ on R K . B also admits a monodromy operator N, that is a B 0 -derivation such that N(log t) = 1.
By the p-adic local monodromy theorem, every (ϕ,∇)-module M over R K becomes trivial over B, i.e. admits a basis of sections which are horizontal for the extended connection
where Ω 
from (ϕ,∇)-modules over R K to K un -valued Weil-Deligne representations. In particular, we can talks about a (ϕ,∇)-module over R K being pure or quasi-pure of some weight.
The p-adic weight-monodromy conjecture in cohomological dimension 1
We will now let X /k((t)) be a smooth and proper variety, and denote by H i cris (X /E K ) its rational crystalline cohomology, as constructed by Ogus in [15] (tensored from O E K to E K ) -this is a (ϕ,∇) over E K . Then Theorem 7.0.1 of [7] says that this module is overconvergent, that is descends to a (ϕ,∇)-module H Then the main result of this section is then the following. 
between p-divisible groups over k t (resp. k((t))) and Dieudonné modules over W t (resp. O E K ), which commute with the natural base change functors.
To prove Theorem 2.6, note that by Poincaré duality in crystalline cohomology it suffices to treat the cases i = 0,1, and the case i = 0 is clear, hence the only real content is the case i = 1. To deal with this case, we introduce the Albanese variety A of X , so that there is an isomorphism [1/p] ∨ between the first crystalline cohomology of X and the dual of the rational Dieudonné module of the p-divisible group of A. Theorem 7.01. of [7] shows that D(A) is oveconvergent, i.e. comes from a unique Dieudonné module
by D R (A) its base change to R K . Then Theorem 2.6 is a consequence of the following result.
We will demonstrate this by explicitly describing the weight filtration on D R (A) in the semistable case, using results from [5] , and then show that this actually coincides with the monodromy filtration. Fist, however, we need a couple of technical results on (ϕ,∇)-modules and Dieudonné modules. Proof. i) This is Proposition 6.5 of [9] .
ii) This is Proposition 2.18 of [16] Proposition 2.12.
ii) Let M be a Dieudonné module over O E K , and suppose that M
Proof. This is Theorem 2.10 and Proposition 2.19 of [16] . Now, let A be the Néron model of A over k t , with identity component A
• and special fibre A 0 . Let A • 0 denote the identity component of A 0 . Since Theorem 2.6 is insensitive to replacing k((t)) by a finite extension, we may assume that A has semistable reduction, in other words that A Proof. By the compatibility of the Dieudonné module functor with base change, we 
, and the first isomorphism follows from the fact that the rational Dieudonné module of a torus is just the dual of its rigid cohomology.
Similarly we have an isogeny
and hence again using Dwork's trick we can see that
and the second isomorphism follows.
We denote this natural filtration on
. By the previous proposition, both Gr 
of (ϕ,∇)-modules over R K , where A ∨ is the dual abelian variety of A. Thus by the previous proposition applied to A ∨ we get that Gr W 0 is again constant, and pure of weight 0. We therefore refer to W • as the weight filtration on D R (A).
Hence to prove Theorem 2.10, it suffices to prove that the weight filtration W • described in the pervious section coincides with the monodromy filtration M • , up to a shift by 1, and after applying the Marmora's functor WD. We start by introducing the following notation. If n is the dimension of A we therefore have n = α + µ + λ. Note that good reduction of A is equivalent to having µ = λ = 0 and semistable reduction of A is equivalent to having λ = 0. These numbers are the same for A and for its dual abelian variety A ′ . Even without assuming semistable reduction, we still get a filtration
where, by Dwork's trick, we have
and, as in the proof of Proposition 2.13, D f R (A) is the largest constant submodule of D R (A). We therefore have
Orthogonality in the form used above no longer holds, however, we do always have
where ⊥ denotes the orthogonal subspace with respect to the Weil pairing ii) If A has semistable reduction, then λ = 0 and hence n = α + µ. Therefore we have rk
and hence the inclusion 
⊥ and equating ranks gives µ = 2n − 2α − µ.
Hence n = α + µ and so λ = 0, i.e. A has semistable reduction.
As mentioned previously, these results do not actually use our construction of H i rig (X /E † K ) at all, although we expect that it will be necessary to use methods similar to ours, or rather an extension of our methods to a more robust cohomological formalism, in order to construct a weight spectral sequence in general. In the remainder of this section, we will show how one can immediately deduce a version of the weight-monodromy conjecture describing the interaction of the weight and monodromy filtrations on the cohomology of an open (i.e. affine) smooth curve. Since we treated the case D = in the previous section, we will assume that D = . The case i = 2 is trivial, and the case i = 0 is entirely straightforward, since H 0 rig (X /R K ) is just a direct sum of constant modules R K . So again the only case of interest is i = 1.
Lemma 2.19. There exists an excision exact sequence
Proof. We know that there exists a corresponding exact sequence
in E K -valued cohomology, which is an exact sequence of (ϕ,∇)-modules. Hence the claim follows immediately by full faithfulness of the base extension functor E † K → E K , i.e. Theorem 5.1 of [8] .
Proof of Theorem 2.18. Base changing the excision exact sequence to R K gives an exact sequence
It follows from the results of the previous section that Gr 
where T ′ 0 is the torus occurring in the corresponding exact sequence for the dual abelian variety A ′ . The claim then follows from independence of ℓ for tori and abelian varieties over finite fields.
In general, we use the theory of 1-motives from [17] , which gives the graded parts of the monodromy filtration Gr • the Tate module (ℓ-adic or p-adic) of an abelian variety A ′ over k((t)) with potentially good reduction;
• the Weil-Deligne representation (ℓ-adic or p-adic) associated to some continuous homomorphism ρ : Gal(k((t)) sep /k((t))) → GL n (Z) (necessarily with finite image).
Since ℓ-independence for the third of these is clear, and the first is of the same form but with a Tate twist, we can reduce to the case where A has potentially good reduction, and the monodromy filtration is trivial. Then (since k is finite) there exists some finite, separable, totally ramified extension F/k((t)) such that A F has good reduction, let A ′ k denote the corresponding abelian variety over k. Then Gal(F/k((t))) acts on A ′ k via k-automorphisms, and exactly as in the ℓ-adic case, we can describe the p-adic Tate module V p (A) as follows: the monodromy operator N is trivial, and the Galois representation is given by the induced action of Gal(F/k((t))) on H Proof. As before, the only real case of interest is i = 1, which follows from the previous proposition. E gives the result.
Proof. Choose complements
